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CURVATURE PROPERTIES OF ROBINSON-TRAUTMAN METRIC
ABSOS ALI SHAIKH∗1, MUSAVVIR ALI2 ZAFAR AHSAN3
Abstract. The curvature properties of Robinson-Trautman metric have been investigated. It
is shown that Robinson-Trautman metric admits several kinds of pseudosymmetric type struc-
tures such as Weyl pseudosymmetric, Ricci pseudosymmetric, pseudosymmetric Weyl conformal
curvature tensor etc. Also it is shown that the difference R · R −Q(S,R) is linearly dependent
with Q(g, C) but the metric is not Ricci generalized pseudosymmetric. Moreover, it is proved
that this metric is Roter type, 2-quasi-Einstein, Ricci tensor is Riemann compatible and its Weyl
conformal curvature 2-forms are recurrent. It is also shown that the energy momentum tensor
of the metric is pseudosymmetric and the conditions under which such tensor is of Codazzi type
and cyclic parallel have been investigated. Finally, we have made a comparison between the
curvature properties of Robinson-Trautman metric and Som-Raychaudhuri metric.
1. Introduction
Let M be a connected smooth semi-Riemannian manifold of dimension n (≥ 3) endowed with
the semi-Riemannian metric g with signature (p, n − p) and the Levi-Civita connection ∇. If
p = 1 or n − 1, then M is Lorentzian and if p = 0 or n, then M is Riemannian. Let R, S
and κ be respectively the Riemann-Christoffel curvature tensor of type (0,4), the Ricci tensor of
type (0,2) and the scalar curvature of M . As a generalization of manifold of constant curvature,
Cartan [6] introduced the notion of locally symmetric manifolds defined as ∇R = 0. Again,
Cartan [7] generalized the concept of locally symmetric manifolds and introduced the notion
of semisymmetric manifolds which were latter classified by Szabo´ ([81], [82], [83]). During the
study of totally umbilical submanifolds of semisymmetric manifolds, Adamo´w and Deszcz [1] in-
troduced the notion of pseudosymmetric manifolds which was latter on studied by many authors
(cf. [16], [17], [23], [29], [31], [41], [42], [43], [63] and also references therein). We note that the
recent trend of modern mathematical research is the abstraction, generalization or extension,
existence, characterization, classification and finally applications. We mention that during the
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last four decades generalized concept of pseudosymmetry by Deszcz has been characterized and
classified with existence in several papers by Deszcz and his coauthors (see [11], [12], [17], [24],
[63] and also references therein); and the pseudosymmetric spacetimes were studied by Deszcz
and his co-authors (see, [14], [30], [36]). It may be noted that Go¨del spacetime ([33], [37]), Som-
Raychaudhuri spacetime ([68], [78]), Reissner-Nordstro¨m spacetime [45] and Robertson-Walker
spacetimes ([3], [13], [34]), are models of different pseudosymmetric type structures.
It is known that the Robinson-Trautman metrics are the spacetimes which admit a geodesic,
hypersurface orthogonal, shear-free and expanding null congruences. These metrics are the
general relativistic analogues of Lienard-Wiechert solutions of Maxwell equations. Moreover,
the Robinson-Trautman spacetimes generalize the assumption of spherical symmetry by having
topologically equivalent two-spheres rather than strictly two spheres. From the physical point
of view, the Robinson-Trautman metrics can be thought of as representing an isolated gravita-
tionally radiating system. The Robinson-Trautman metric of Petrov type II is given by ([55],
[80], [89])
ds2 = −2(U0 − 2γ0r −Ψ02r
−1)du2 + 2dudr−
r2
2P 2
dζdζ¯,
where U0, γ0,Ψ02 are constants and P is a nowhere vanishing function of ζ and ζ¯. For the sake of
simplicity, we write these constants U0, γ0,Ψ02 as a, b, q respectively, P as f and the coordinate
u as t. The above metric can be written as
(1.1) ds2 = −2(a− 2br − qr−1)dt2 + 2dtdr −
2r2
f 2
dζdζ¯.
It is easy to check that this metric can be written as a warped product metric ([5], [47]) given
by
ds2 = ds¯2 + r2ds˜2,
where ds¯2 = −2(a− 2br − qr−1)dt2 + 2dtdr and ds˜2 = − 2
f2
dζdζ¯.
The main object of the present paper is to investigate the pseudosymmetric type structures
admitting by the Robinson-Trautman metric (1.1). Lanczos potentials of the metric are studied
by Ahsan and Bilal [2]. In the study of differential geometry, pseudosymmetric structures play
an important role due their applications in relativity and cosmology (see, [14], [30], [33], [36],
[68], [76] and also references therein). It is noteworthy to mention that the present paper is
unconventional as by considering a physically relevant metric, viz., Robinson-Trautman metric,
we would like to investigate the curvature restricted geometric structures admitted by such met-
ric. Then Robison-Trautman spacetime can be considered as a model of such pseudosymmetric
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The paper is organized as follows. Section 2 deals with the different pseudosymmetric struc-
tures which are essential to investigate the curvature properties of the Robinson-Trautman met-
ric. Section 3 is concerned with different components of several curvature tensors which are
useful to investigate the pseudosymmetric type structures admitting by this metric. Section 4 is
devoted to the conclusion as theorems and remarks. Section 5 deals with the investigation under
which the energy momentum tensor is covariantly constant, Codazzi type and cyclic parallel. In
the last section we have made a comparison (similarities and dissimilarities) between the curva-
ture properties of Robinson-Trautman metric and Som-Raychaudhuri metric. It is shown that
both the metric are 2-quasi-Einstein and pseudosymmetric Weyl conformal curvature tensor,
whereas Robinson-Trautman metric is Deszcz pseudosymmetric but Som-Raychaudhuri metric
is Ricci generalized pseudosymmetric.
2. Curvature restricted geometric structures
It is well known that a curvature restricted geometric structure is a geometric structure on
M obtained by imposing a restriction on its curvature tensors by means of covariant derivatives
of first order or higher orders. We will now explain some useful notations and definitions of
various curvature restricted geometric structures. For two symmetric (0, 2)-tensors A and E,
their Kulkarni-Nomizu product A ∧ E is defined as (see e.g. [23], [38]):
(A ∧ E)(X1, X2, X3, X4) = A(X1, X4)E(X2, X3) + A(X2, X3)E(X1, X4)
− A(X1, X3)E(X2, X4)− A(X2, X4)E(X1, X3),
where X1, X2, X3, X4 ∈ χ(M), the Lie algebra of all smooth vector fields on M . Throughout the
paper we will consider X, Y,X1, X2, · · · ∈ χ(M).
Again as an invariant under certain class of transformations on a semi-Riemannian manifold
M , there arise various curvature tensors onM , such as conformal curvature tensor C, projective
curvature tensor P , concircular curvature tensor W and conharmonic curvature tensor K ([44],
[88]) etc. In terms of Kulkarni-Nomizu product C, W , K and the Gaussian curvature tensor G
are given by
C = R −
1
n− 2
(g ∧ S) +
r
2(n− 2)(n− 1)
(g ∧ g),
W = R−
r
2n(n− 1)
(g ∧ g),
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K = R−
1
n− 2
(g ∧ S) and G =
1
2
(g ∧ g).
The projective curvature tensor P is given by
P (X1, X2, X3, X4) = R(X1, X2, X3, X4)−
1
n− 1
[g(X1, X4)S(X2, X3)− g(X2, X4)S(X1, X3)].
A (0, 4) tensor is called a generalized curvature tensor if it posses the symmetry like R, i.e., a
(0, 4) tensor D is said to be a generalized curvature tensor ([23], [63], [65]) if
D(X1, X2, X3, X4) +D(X2, X3, X1, X4) +D(X3, X1, X2, X4) = 0,
D(X1, X2, X3, X4) +D(X2, X1, X3, X4) = 0 and
D(X1, X2, X3, X4) = D(X3, X4, X1, X2).
We note that if A and E are both symmetric (0, 2)-tensors, then A∧E is a generalized curvature
tensor, and linear combination of two generalized curvature tensors is also a generalized curvature
tensor. Hence C,W andK are generalized curvature tensors but P is not a generalized curvature
tensor.
Now for a (0, 4)-tensor D and a symmetric (0, 2)-tensor E we can define three endomorphisms
E , D(X, Y ) and X ∧E Y as ([13], [23])
E(X, Y ) = g(EX, Y ), D(X, Y )X1 = D(X, Y )X1 and (X ∧A Y )X1 = A(Y,X1)X −A(X,X1)Y
respectively, where D is the corresponding (1, 3)-tensor of D, i.e.,
D(X1, X2, X3, X4) = g(D(X1, X2)X3, X4).
One can now easily operate D(X, Y ) and X ∧A Y on a (0, k)-tensor H , k ≥ 1, and obtain two
(0, k + 2)-tensors D · H and Q(A,H) respectively as follows (see [20], [21], [32], [63], [65], [66],
[85] and also references therein):
D ·H(X1, X2, · · · , Xk, X, Y ) = −H(D(X, Y )X1, X2, · · · , Xk)−· · ·−H(X1, X2, · · · ,D(X, Y )Xk).
and
Q(A,H)(X1, X2, . . . , Xk, X, Y ) = ((X ∧A Y ) ·H)(X1, X2, . . . , Xk)
= A(X,X1)H(Y,X2, · · · , Xk) + · · ·+ A(X,Xk)H(X1, X2, · · · , Y )
−A(Y,X1)H(X,X2, · · · , Xk)− · · · − A(Y,Xk)H(X1, X2, · · · , X).
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In terms of local coordinates system, D ·H and Q(A,H) [19] can be written as
(D ·H)i1i2···ikjl = −g
pq [Djli1qHpi2···ik + · · ·+DjlikqHi1i2···p] ,
Q(A,H)i1i2···ikjl = Ali1Hji2···ik + · · ·+ AlikHi1i2···j
−Aji1Hli2···ik − · · · − AjikHi1i2···l.
Definition 2.1. ([1], [7], [16], [65], [69], [70], [74], [81]) A semi-Riemannian manifold M is
said to be H-semisymmetric type if D · H = 0 and it is said to be H-pseudosymmetric type
if
(
k∑
i=1
ciDi
)
· H = 0 for some scalars ci’s, where D and each Di, i = 1, . . . , k, (k ≥ 2),
are (0,4) curvature tensors. In particular, if ci’s are all constants, then the manifold is called
H-pseudosymmetric type manifold of constant type or otherwise non-constant type.
In particular, if D = R and T = R (resp., S, C, W and K), then M is called semisymmetric
(resp., Ricci, conformally, concircularly and conharmonically semisymmetric). Again, if i = 2,
D1 = R, D2 = G and D = R (resp., S, C, W and K), then M is called Deszcz pseudosymmetric
(resp., Ricci, conformally, concircularly and conharmonically pseudosymmetric). Especially, if
i = 2, D1 = C, D2 = G and D = C, then M is called a manifold of pseudosymmetric Weyl
conformal curvature tensor. Again, if i = 2, D1 = R, D2 = ∧S and D = R, then M is called
Ricci generalized pseudosymmetric [11].
A semi-Riemannian manifold M is said to be Einstein if its Ricci tensor is a scalar multiple
of the metric tensor g. We note that in this case S = κ
n
g and κ is scalar curvature. Again M
is called quasi-Einstein if at each point of M , rank of (S − αg) is less or equal to 1 for a scalar
α. Thus in this case S = αg + βΠ ⊗ Π, where α and β are scalars and Π is an 1-form. In
particular, if α = 0, then a quasi-Einstein manifold is called Ricci simple. We note that Go¨del
spacetime is Ricci simple [33] and perfect fluid spacetimes are quasi-Einstein (see, [61], [62]).
For quasi-Einstein spacetimes we refer the reader to see [77] and also references therein.
Definition 2.2. A semi-Riemannian manifold is said to be 2-quasi-Einstein if at each point of
M , rank of (S − αg) is less or equal to 2 for a scalar α.
It may be noted that Som-Raychaudhuri spacetime is 2-quasi-Einstein but not quasi-Einstein
[68]. For recent results on 2-quasi-Einstein manifolds, we refer the reader to see [25], [26] and
[28] .
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Definition 2.3. [59] A semi-Riemannian manifold M is said to be pseudo quasi-Einstein if
(2.1) S = αg + βΠ⊗ Π+ γE
holds on U for some scalars α, β, γ, an 1-form Π and a trace free (0, 2)-tensor E such that the
associated vector field V corresponding to Π satisfies E(X, V ) = 0.
In particular, if E = Φ ⊗ Φ (resp., Π ⊗ Φ + Φ ⊗ Π) then a pseudo quasi-Einstein manifold
reduces to a generalized quasi-Einstein manifold by De and Ghosh [10] (resp., by Chaki [9]).
To get the decomposition of Riemann-Christoffel curvature tensor R, Deszcz ([18], [19]) intro-
duced the notion of Roter type manifold, which was latter extended as generalized Roter type
manifold [63].
Definition 2.4. A semi-Riemannian manifold M is said to be a Roter type manifold ([18], [19],
[23], [27], [35] and [39]) (resp., generalized Roter type manifold ([22], [26], [28], [63], [66], [67]
and [79])) if
R = N1(g ∧ g) +N2(g ∧ S) +N3(S ∧ S) and[
resp., R = L1(g ∧ g) + L2(g ∧ S) + L3(S ∧ S) + L4(g ∧ S
2) + L5(S ∧ S
2) + L6(S
2 ∧ S2)
]
holds for some Ni, Lj ∈ C
∞(M), 1 ≤ i ≤ 3 and 1 ≤ j ≤ 6.
Definition 2.5. ([4], [66]) A semi-Riemannian manifold M is said to be Ein(2) if S2, S and g
are linearly dependent, where S2 is the second level Ricci tensor defined as S2(X, Y ) = S(SX, Y ).
Between the class of Ricci symmetric manifolds and the class of manifolds of constant scalar
curvature, Gray [40] presented two new classes of manifolds, namely, manifolds of Codazzi type
Ricci tensor and manifolds of cyclic parallel Ricci tensor.
Definition 2.6. A semi-Riemannian manifoldM is said to be of Codazzi type Ricci tensor (resp.
cyclic parallel Ricci tensor) (see, [33], [40] and references therein) if
(∇X1S)(X2, X3) = (∇X2S)(X1, X3)
(resp. (∇X1S)(X2, X3) + (∇X2S)(X3, X1) + (∇X3S)(X1, X2) = 0 ) .
Recently Mantica and Molinari showed [48] that the sufficient condition of Codazzi type
for Derdzinski and Shen theorem [15] can be replaced by a more general condition, and they
introduced the notion of Riemann-compatible tensor along with compatible tensors for other
curvature tensors.
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Definition 2.7. Let D be a (0, 4)-tensor and E be a symmetric (0, 2)-tensor on M . Then E is
said to be D-compatible ([22], [49], [50]) if
D(EX1, X,X2, X3) +D(EX2, X,X3, X1) +D(EX3, X,X1, X2) = 0
holds. Again an 1-form Π is said to be D-compatible if Π⊗Π is D-compatible.
Generalizing the concept of recurrent manifold ([56], [57], [58], [87]), recently Shaikh et al.
[75] introduced the notion of super generalized recurrent manifold along with its characterization
and existence by proper example.
Definition 2.8. A semi-Riemannian manifold M is said to be super generalized recurrent man-
ifold ([65], [75], [71]) if
∇R = Π⊗ R + Φ⊗ (S ∧ S) + Ψ⊗ (g ∧ S) + Θ⊗ (g ∧ g)
holds on {x ∈M : R 6= 0 and any one of S ∧ S, g ∧ S is non-zero at x} for some 1-forms Π, Φ,
Ψ and Θ, called the associated 1-forms. Especially, if Φ = Ψ = Θ = 0 (resp., Ψ = Θ = 0 and
Φ = Θ = 0), then the manifold is called recurrent ([56], [57], [58], [87]) (resp., weakly generalized
recurrent ([73], [60]) and hyper generalized recurrent ([72], [74])) manifold.
Again as a generalization of locally symmetric manifold and recurrent manifold, Tama´ssy and
Binh [86] introduced the notion of weakly symmetric manifolds.
Definition 2.9. Let D be a (0, 4)-tensor on a semi-Riemannian manifold M . Then M is said
to be weakly D-symmetric ([86], [64]) if
∇XD(X1, X2, X3, X4) = Π(X)D(X1, X2, X3, X4) + Φ(X1)D(X1, X2, X3, X4)
+Φ(X2)D(X1, X,X3, X4) + Ψ(X3)D(X1, X2, X,X4) + Ψ(X4)D(X1, X2, X3, X)
holds ∀ X,Xi ∈ χ(M) (i = 1, 2, 3, 4) and some 1-forms Π,Φ,Φ,Ψ and Ψ on {x ∈M : Rx 6= 0}.
In particular, if 1
2
Π = Φ = Φ = Ψ = Ψ, then the manifold is called Chaki D-pseudosymmetric
manifold [8].
It is noteworthy to mention that if D is a generalized curvature tensor then the above defining
condition of weak symmetry holds for Φ+Ψ
2
in lieu of Φ,Φ,Ψ and Ψ. It is also noted that the
notion of Chaki pseudosymmetry is different from Deszcz pseudosymmetry. For details about
the defining condition of weak symmetry and the interrelation between weak symmetry and
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Deszcz pseudosymmetry, we refer the reader to see [63] and also references therein.
For a generalized curvature tensor D and a symmetric (0, 2)-curvature tensor Z, one can
define the curvature 2-form Ωm(D)l ([4], [46]) for D and an 1-form Λ(Z)l [84] as
Ωm(D)l = D
m
jkldx
j ∧ dxk and Λ(Z)l = Zlmdx
m,
where ∧ indicates the exterior product. Now Ωm(D)l (resp., Λ(Z)l) are recurrent if
DΩm(R)l = Π ∧ Ω
m
(R)l (resp., DΛ(S)l = Π ∧ Λ(S)l),
where D is the exterior derivative and Π is the associated 1-form. Recently Mantica and Suh
([51], [52], [53]) showed that Ωm(D)l are recurrent if and only if
(∇X1D)(X2, X3, X, Y ) + (∇X2D)(X3, X1, X, Y ) + (∇X3D)(X1, X2, X, Y ) =
Π(X1)D(X2, X3, X, Y ) + Π(X2)D(X3, X1, X, Y ) + Π(X3)D(X1, X2, X, Y )
and Λ(Z)l are recurrent if and only if
(∇X1Z)(X2, X)− (∇X2Z)(X1, X) = Π(X1)Z(X2, X)−Π(X2)Z(X1, X)
for an 1-form Π.
3. Curvature properties of Robinson-Trautman metric
Setting ζ = x3 + ix4, the metric (1.1) can be written as
(3.1) ds2 = −2(a− 2br − qr−1)dt2 + 2dtdr −
r2
f 2
[(dx3)2 + (dx4)2],
where f is a function of the real variables x3 and x4. Hence the metric tensor in coordinates
(t, r, x3, x4) is given by
g =


−2(a− 2br − qr−1) 1 0 0
1 0 0 0
0 0 − r
2
f2
0
0 0 0 − r
2
f2

 .
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Again g can be expressed as warped product g¯×r g˜ with warping function r, where base metric
g¯ and fiber metric g˜ are given by
g¯ =
(
−2(a− 2br − qr−1) 1
1 0
)
, g˜ =
(
− 1
f2
0
0 − 1
f2
)
.
From above it is clear that the metric is Lorentzian with signature {−,+,+,+}.
The non-zero components of its Riemann-Christoffel curvature tensor R, Ricci tensor S and
scalar curvature κ are given by
R1212 = −
2q
r3
, R1313 = R1414 = −
2 (2br2 − q) (−ar + 2br2 + q)
f 2r2
,
R1323 = R1424 = −
2br2 − q
f 2r
, R3434 =
r (−2ar + 4br2 + 2q + Fr)
f 4
.
S11 = −
8b (−ar + 2br2 + q)
r2
, S12 = −
4b
r
, S33 = S44 = −
2a− 8br − F
f 2
and κ = −
2(−2a + 12br + F )
r2
,
where F = f 23 + f
2
4 − f(f33 + f44). Also the non-zero components of C and P are given by
C1212 =
2ar − 6q − Fr
3r3
, C1313 = C1414 = −
(−ar + 2br2 + q) (2ar − 6q − Fr)
3f 2r2
C1323 = C1424 = −
2ar − 6q − Fr
6f 2r
, C3434 = −
r(2ar − 6q − Fr)
3f 4
,
−P1212 = P1221 =
2 (3q − 2br2)
3r3
, P1313 = P1414 = −
2 (2br2 − 3q) (−ar + 2br2 + q)
3f 2r2
,
P1323 = P1424 = P2313 = P2414 =
3q − 2br2
3f 2r
,
P1331 = P1441 = −
2 (−ar + 2br2 + q) (−2ar + 2br2 + 3q + Fr)
3f 2r2
,
P1332 = P1442 = P2331 = P2441 = −
−2ar + 2br2 + 3q + Fr
3f 2r
,
P3434 = −P3443 =
2r (−2ar + 2br2 + 3q + Fr)
3f 4
.
The non-zero components of ∇R and ∇S are given by
R1212,2 =
6q
r4
, R1213,3 = R1214,4 = R1313,2 = R1414,2 =
2 (2br2 − 3q) (−ar + 2br2 + q)
f 2r3
,
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R1223,3 = R1224,4 = R1323,2 = R1424,2 =
2br2 − 3q
f 2r2
, R3434,3 =
F3r
2
f 4
,
R2334,4 = −R2434,3 = −
1
2
R3434,2 =
−2ar + 2br2 + 3q + Fr
f 4
, R3434,4 =
F4r
2
f 4
,
S11,2 =
8b (−ar + 2br2 + q)
r3
, S33,3 = S44,3 =
F3
f 2
, S33,4 = S44,4 =
F4
f 2
,
S12,2 =
4b
r2
, 2S23,3 = 2S24,4 = S33,2 = S44,2 = −
2(−2a + 4br + F )
f 2r
.
The non-zero components of R ·R, Q(g, R) and Q(S,R) are given by
−R · R121323 = −R · R121424 = R · R122313 = R ·R122414 =
(2br2 − 3q) (2br2 − q)
f 2r4
,
R · R133414 = −R · R143413 =
2 (2br2 − q) (−ar + 2br2 + q) (−2ar + 2br2 + 3q + Fr)
f 4r3
,
R · R133424 = −R · R143423 = R ·R233414 = −R · R243413 =
(2br2 − q) (−2ar + 2br2 + 3q + Fr)
f 4r2
.
Q(g, R)121323 = Q(g, R)121424 = −Q(g, R)122313 = −Q(g, R)122414 =
2br2 − 3q
f 2r
,
−Q(g, R)133414 = Q(g, R)143413 =
2 (−ar + 2br2 + q) (−2ar + 2br2 + 3q + Fr)
f 4
,
−Q(g, R)133424 = Q(g, R)143423 = −Q(g, R)233414 = Q(g, R)243413 =
r (−2ar + 2br2 + 3q + Fr)
f 4
,
−Q(S,R)121323 = −Q(S,R)121424 = Q(S,R)122313 = Q(S,R)122414 =
4aq + 8b2r3 − 20bqr − 2qF
f 2r3
,
−Q(S,R)133414 = Q(S,R)143413 =
2 (−ar + 2br2 + q) (4abr2 + 2aq − 16bqr − 2bFr2 − qF )
f 4r2
,
Q(S,R)133424 = Q(S,R)143423 = Q(S,R)233414 = Q(S,R)243413
= −
−4abr2 − 2aq + 16bqr + 2bFr2 + qF
f 4r
.
4. Conclusion
From above we can conclude that the metric (3.1) fulfills the following curvature restricted
geometric structures.
Theorem 4.1. The Robinson-Trautman metric of Petrov type II given in (3.1) possesses the
following curvature properties:
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(i) It is Deszcz pseudosymmetric with R · R = q−2br
2
r3
Q(g, R). Hence it is Ricci pseudosym-
metric, conformally pseudosymmetric, projectively pseudosymmetric, concircularly pseu-
dosymmetric and conharmonically pseudosymmetric of non-constant type with same as-
sociated scalar.
(ii) It satisfies
r3 (2ar − 6q − Fr) [R · R−Q(S,R)] = 2
(
4aqr + 4b2r4 − 12bqr2 − 3q2 − 2qFr
)
Q(g, C).
(iii) It satisfies C · R = LQ(g, R), L = − (2ar−6q−Fr)
6r3
. Hence C · S = LQ(g, S), C · C =
LQ(g, C) (i.e., pseudosymmetric Weyl conformal curvature tensor), C ·W = LQ(g,W ),
C · P = LQ(g, P ) and C ·K = LQ(g,K).
(iv) If (4qr(a− 3br) + 4b2r4 − 3q2 − 2qFr) is nowhere zero, then it satisfies C ·R −R · C =
L1Q(g, R) + L2Q(S,R) for
L1 = −
(2ar − 6q − Fr) (2 (aq + 4b2r3 − 6bqr)− qF )
3r2 (4qr(a− 3br) + 4b2r4 − 3q2 − 2qFr)
and
L2 =
(q − 2br2) (−2ar + 6q + Fr)
8qr(3br − a)− 8b2r4 + 6q2 + 4qFr
(v) It satisfies C ·R −R · C = L1Q(g, C) + L2Q(S, C) for
L1 =
2(−2a+ 12br + F )
3r2
and L2 = 1
(vi) If −2ar + 6q + Fr is everywhere nonzero, then its conformal curvature 2-forms are
recurrent for the 1-form
Π =
{
0,
F − 2a
−2ar + 6q + Fr
,
F3r
−2ar + 6q + Fr
,
F4r
−2ar + 6q + Fr
}
.
(vii) If −2a + 4br + F is everywhere nonzero, then this metric is a Roter type with R =
N1(S ∧ S) +N2(g ∧ S) +N3(g ∧ g), where
N1 =
r (2ar − 6q − Fr)
2 (−2a+ 4br + F )2
,
N2 =
4abr2 + 6aq + 8b2r3 − F (2br2 + 3q)− 36bqr
r (−2a + 4br + F )2
N3 = −
1
r3
[
4br (6aq + 8b2r3 − 24bqr − 3qF )
(−2a + 4br + F )2
+ q
]
.
(viii) This is 2-quasi Einstein as S − αg is of rank 2 for α = 2a−8br−F
r2
or α = −4b
r
.
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(ix) This is generalized quasi Einstein in the sense of Chaki for
α = −
−2a + 8br + F
r2
, β =
4b (−2a + 4br + F )
Φ21r
,
γ = −2a+ 4br + F, Π =
{
q − ar
Φ1r3
,
1
Φ1r2
, 0, 0
}
, Φ = {Φ1, 0, 0, 0} ,
where Φ1 being arbitrary scalar, ||Π|| = −
4b
η(1)2r3
and ||Φ|| = 0.
(x) This is generalized quasi Einstein in the sense of De and Ghosh for
α = −
4b
r
, β = γ =
−2a+ 4br + F
r2
,
Π =
{
0, 0,
r
f
, 0
}
, Φ =
{
0, 0, 0,
r
f
}
,
where ||Π|| = ||Φ|| = −1 and Π is orthogonal to Φ.
(xi) This is pseudo quasi Einstein for
α = −
F
2r2
, β = −
4(a− 6br)
r2
, γ = 1, Π =
{
0, 0, 0,
r
f
}
.
(xii) A (0,2) tensor of the form

t(1, 1) t(1, 2) 0 0
t(1, 2) t(2, 2) 0 0
0 0 t(3, 3) t(3, 4)
0 0 t(3, 4) t(4, 4)

 ,
where t(i, j) being arbitrary scalar, is R-compatible as well as C-compatible,W -compatible
and K-compatible, where t(i, j) being arbitrary scalar. So the Ricci tensor is R-compatible
as well as C-compatible. Again the vector of the form {t1, 0, 0, 0} or {0, t2, 0, 0} or
{0, 0, t3, 0} or {0, 0, 0, t4}, ti being arbitrary scalar, is R-compatible as well as C-compatible.
Remark 4.1. From the value of the local components (presented in Section 3) of various tensors
of the Robinson-Trautman metric (3.1), we can easily conclude that the metric does not fulfill
the following geometric structures:
(i) not conformally symmetric and hence not locally symmetric, projectively symmetric, con-
circularly symmetric, conharmonically symmetric.
(ii) not conformally recurrent and hence not recurrent, projectively recurrent, concircularly
recurrent, conharmonically recurrent.
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(iii) not super generalized recurrent and hence not hyper generalized recurrent, weakly gener-
alized recurrent.
(iv) not weakly symmetric for R, C, P , W and K and hence not Chaki pseudosymmetric for
R, C, P , W and K.
(v) not weakly Ricci symmetric and hence not pseudo Ricci symmetric in the sense of Chaki
and not Ricci symmetric. Scalar curvature is not constant and hence its Ricci tensor
is not Codazzi type, not cyclic parallel.
(vi) divR 6= 0, divC 6= 0, divP 6= 0, divW 6= 0 and divK 6= 0.
(vii) not conformally semisymmetric and hence not semisymmetric, projectively semisymmet-
ric, concircularly semisymmetric, conharmonically semisymmetric.
(viii) not Ricci generalized pseudosymmetric.
(ix) curvature 2-forms for R, P , W and K are not recurrent. The Ricci 1-forms are not
recurrent.
5. Energy momentum tensor of Robinson-Trautman metric
From the Einstein’s field equations, the energy momentum tensor, T is given by
T =
c4
8piG
[
S −
(κ
2
− Λ
)
g
]
,
where c = speed of light in vacuum, G = gravitational constant and Λ = cosmological constant.
Thus the components of the energy momentum tensor is calculated by considering the compo-
nents of Ricci tensor and scalar curvature. Now the non-zero components of T (upto symmetry)
are given by
T11 =
c4 (−ar + 2br2 + q) (−2a + 8br + F + Λr2)
4piGr3
T12 =
c4 (−2a+ 8br + F + Λr2)
8piGr2
, T33 = T44 = −
c4r(4b+ Λr)
8pif 2G
.
Then the non-zero components of covariant derivative of T are given by
T11,2 = −
c4 (−ar + 2br2 + q) (−2a + 4br + F )
2piGr4
, T11,3 =
c4F3 (−ar + 2br
2 + q)
4piGr3
,
T11,4 =
c4F4 (−ar + 2br
2 + q)
4piGr3
, T12,2 = −
c4(−2a+ 4br + F )
4piGr3
,
T12,3 =
c4F3
8piGr2
, T12,4 =
c4F4
8piGr2
,
T23,3 = T24,4 = −
c4(−2a + 4br + F )
8pif 2Gr
, T33,2 = T44,2 =
bc4
2pif 2G
.
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We note that from the above it is easy to check that divT = 0 which implies that the metric
(3.1) satisfies energy condition. However it is obvious that T is not covariantly constant as well
as it is not Codazzi type and cyclic parallel. In this section we would like to investigate the
conditions under which T is parallel, T is Codazzi type and T is cyclic parallel.
Now from the values of the components of ∇T , we get
T11,2 + T12,1 + T21,1 = −
c4 (−ar + 2br2 + q) (−2a+ 4br + F )
2piGr4
,
T11,3 + T13,1 + T31,1 =
c4F3 (−ar + 2br
2 + q)
4piGr3
,
T11,4 + T14,1 + T41,1 =
c4F4 (−ar + 2br
2 + q)
4piGr3
,
T12,2 + T22,1 + T21,2 = −
c4(−2a+ 4br + F )
2piGr3
,
T12,3 + T23,1 + T31,2 =
c4F3
8piGr2
, T12,4 + T24,1 + T41,2 =
c4F4
8piGr2
,
T23,3 + T33,2 + T32,3 = T24,4 + T44,2 + T42,4 = −
c4(−2a + 2br + F )
4pif 2Gr
and
T12,1 − T11,2 =
c4 (−ar + 2br2 + q) (−2a + 4br + F )
2piGr4
,
T11,3 − T13,1 =
c4F3 (−ar + 2br
2 + q)
4piGr3
, T11,4 − T14,1 =
c4F4 (−ar + 2br
2 + q)
4piGr3
,
T12,3 − T13,2 = T21,3 − T23,1 =
c4F3
8piGr2
, T12,4 − T14,2 = T21,4 − T24,1 =
c4F4
8piGr2
,
T22,1 − T21,2 =
c4(−2a + 4br + F )
4piGr3
, T33,2 − T32,3 = T44,2 − T42,4 =
c4(−2a+ 8br + F )
8pif 2Gr
.
Hence from above we see that if the energy-momentum tensor T is cyclic parallel or Codazzi
type or covariantly constant, then b = 0. Therefore T is cyclic parallel or Codazzi type or
covariantly constant if and only if b = 0 and F = 2a. Now we can state the following:
Theorem 5.1. For the Robinson-Trautman metric, the following conditions are equivalent:
(i) the energy-momentum tensor is covariantly constant
(ii) the energy-momentum tensor is Codazzi type
(iii) the energy-momentum tensor is cyclic parallel
(iv) b = 0 and F = 2a.
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Example 5.1. We consider a = b = 0 and f(x3, x4) = ex
3+x4 in (3.1). Then F = 0 and
therefore the energy-momentum tensor T is covariantly constant and hence cyclic parallel and
Codazzi type.
Now since the Robinson-Trautman metric (3.1) is Ricci pseudosymmetric and T is linear
combination of S and g, and R · g = Q(g, g) = 0, then R · T = q−2br
2
r3
Q(g, T ). Thus we can state
the following:
Theorem 5.2. The energy-momentum tensor of Robinson-Trautman metric is pseudosymmetric
type, i.e., R · T = q−2br
2
r3
Q(g, T ).
6. Som-Raychaudhuri metric and Robinson-Trautman metric
Som-Raychaudhuri [78] spacetime is a Go¨del type metric (see [33], [54], [68] and references
therein) and in cylindrical coordinates (t, r, z, φ), its line element is given by
(6.1) ds2 = dt2 − (r2 − a2r4)dφ2 − dr2 − dz2 + 2ar2dφdt.
Recently, Shaikh and Kundu [68] investigated the curvature restricted geometric structures ad-
mitting by the Som-Raychaudhuri spacetime and showed that such a spacetime is a 2-quasi-
Einstein, generalized Roter type, Ein(3) manifold satisfying R.R = Q(S,R), C ·C = 2a
2
3
Q(g, C),
and its Ricci tensor is cyclic parallel and Riemann compatible. In this section we study the com-
parison between the curvature properties of Som-Raychaudhuri metric and Robinson-Trautman
metric.
Physically, Som-Raychaudhuri [78] spacetime is a stationary cylindrical symmetric solution of
Einstein field equation corresponding to a charged dust distribution in rigid rotation whereas
Robinson-Trautman metric admit a geodesic, hypersurface orthogonal, shear-free and expanding
null congruences. Now from Section 4 of this paper and Section 3 of [68] we have the following
comparison between Som-Raychaudhuri metric and Robinson-Trautman metric:
A. Similarity:
(i) Both are non-Einstein but 2-quasi-Einstein,
(ii) Both are pseudo quasi Einstein and generalized quasi-Einstein in the sense of Chaki as well
as in the sense of De and Ghosh.
(iii) Both are of pseudosymmetric Weyl conformal curvature tensor.
(iv) Their Ricci tensors are Riemann compatible as well as conformal compatible, concircular
compatible and conharmonic compatible.
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B. Dissimilarity:
(i) Som-Raychaudhuri metric is Ricci generalized pseudosymmetric but Robinson-Trautman met-
ric is Deszcz pseudosymmetric.
(ii) Som-Raychaudhuri metric is generalized Roter type but Robinson-Trautman metric is Roter
type.
(iii) Ricci tensor of Som-Raychaudhuri metric is cyclic parallel whereas the scalar curvature of
Robinson-Trautman metric is non-constant.
(iv) Robinson-Trautman metric is Ein(2) but Som-Raychaudhuri metric is Ein(3).
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